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1.1 DEFINITIONS AND NOTATIONS:
Let {p, } and {q,,} are two sequences then

AEn =DPn —Pn-1-= Apn
Agn =qn —qn-1 = ACIn

Given two sequences {€} and {a}, the convolution (€x «),, define as,

n
(e*xa), = 2 Py (1.1.1)
v=0

Operation of convolution is commutative and associative, we note that

Z € = (€* Dy (1.1.2)

v=1

A(e xa), = (Ae x a), = (e * Aa),

(1.1.3)
NET(s) = (exas), 1 -
n (S) - (6 * a)n - (E * a)nzo En—vAySy (1_1.4)
v=
A€ * as
Trf'a (S) — ( )Tl
(A€ * a),
Journal of Interdisciplinary and Multidisciplinary Research 110

Email:- researchjimr@gmail.com, https://www.jimrjournal.com/
(An open access scholarly, peer-reviewed, interdisciplinary, monthly, and fully refereed journal.)



d b Journal of Interdisciplinary and Multidisciplinary Research (JIMR)
E-ISSN:1936-6264| Impact Factor: 8.886|

Vol. 18 Issue 12, Dec- 2023

,;\F Available online at: https://www.jimrjournal.com/

(An open access scholarly, peer-reviewed, interdisciplinary, monthly, and fully refereed journal.)

_ (€ xAas),
B (e *x Aa),,
n
_ 1
= mzo en—v(awsv - av—lsv—l)- (1_1.5)
v=
Definition 1:

Absolutely summability: A series Y, a, is said to be absolutely summable G(N, p, @) with

index o if

[oe]

2.

N - N < o0

(1.1.6)

where N7 = (N&*)(©),

Definition 2:
If No“(s) = 0(1), we say that the sequence {s, } is bounded G (N, p, @) where N,;"“(s) is defined

by (1.1.4).

Definition 3:
Strong summability: A series }'¢’ a,, is said to be strongly summable G(N, p, «) with index ¢ to a

if

(e + a)nz (e * B, |IT; () —al” (1.1.7)

we denote itby, s, = aG[N,p, al,
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We remark that this definition is of use only when
|(e xa),| > ann - o

for otherwise, since the expression on the left hand side of (1.1.6) is non-decreasing, (1.1.7) can

be satisfied only if, (€* A(as)), — a(€x Aa), = 0 forevery v > 0 that is, if and only if

av(sv - a) =0
for every v > 0.
We note that, by using (1.1.3),(1.1.5) can be rewritten as

(A€ * as),,

T, (s) = e v ).

This shows that T,, (s) is the G(N, Ap, «) transform of sequence {s,, }.

Definition 4:
We say that {s,, } is strongly bounded G (N, p, @) with index a > 0 or bounded G (N, p, ) if,

Z (€ * Aa), I T (5)17 = 0(1). (1.1.8)

(e = a)n

where T;* (s) defined (1.1.5).

Throughout this paper, for given sequence ¢, €, a, 8, s and t we write

= (€76)y,

Yo = (a*xB), #0foralln
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(as*po),
Cp = Z Ay SpPn,—vtn—v = (axpB), (1.1.9)

_ _ (axpt),
- _2 An—vPty = (a*pB) (1.1.10)

Also K will denote a positive constant which may not be the same at each occurrence

1.2 INTRODUCTION:
BORWEIN and CASS [2] have established some multiplication theorems concerning strong
Norlund summability and Cauchy product of two series. BORWEIN [I] has established some
multiplication theorem involving generalised Norlund summability and products more general
than the Cauchy product of two sequence.
Later on KUMAR [3] give some theorem on strong Norlund summability and products more

general than the Cauchy products of sequences.

Our object in this paper is to generalised all the theorems of KUMAR [3] for G(N,p, a)

summability. However our theorems are as follows.

1.3 THEOREMS:
Theorem 1: Suppose that (Ae * a), > 0(e * ), > 0 for all n (N,e * ,e x a) is regular and

A=>1.Ifs, - OG[N,p,a], and {t,} is bounded G(N, g, B) then ¢, » OG(N, r,y);. where c, is
defined by (1.1.9).

Theorem 2: Suppose that (Ae * a),, > 0, (e * §),, > 0 forall n, (N, € * 8, € * ) is bi-regular and
A=1.Ifs, - IG|N,p,a|; and t, » mG(N, q, B) then c, = ImiG (N, 1,7).

Theorem 3: Suppose that (e * Aa),, > 0, (e * AB),, > 0 for all n,A > 1and (e * a),,(e x B),, =
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0((Ar *¥)p)1.21- If s, = OG[N,p,a]; and t,, is bounded G[N, q, 8], then ¢, = O0G(N, Ar,y).

Theorem 4:Suppose that (e * Aa), > 0,(e x4B), > 0 foralln,A > 1 and (1.2.1) holds. If

s, = IG[N, p,a], and t, = mG[N, q, 8], then c = ImG(N, Ar, y).

Theorem 5: Suppose that (e * Aa), >0 for n>0,8,>0 £, =0 for n>0,4>1 and

(N,B,e* a)isregular. If s, - OG[N,p, a];, and {t,, } is bounded, then c,, = OG[N, p, vl;.
Theorem 6: Suppose that (e * Aa), >0 for n>0, S, >0p,=>0 for n>0,4>1 and
(N, B, € * a) is bi-regular. If s, - 0G[N, p,a]; and t, » m asn — o then ¢,, = Imi‘G [N, p,v];.

For the proof of theorems we required following lemma:

1.4 LEMMA:
If (¢*Aa),,, (6" a), be non-zero for all n and

ZO (e A, | = 0((e * @),) a1

then,forA > pu >0, s, - IG[N,p,a]; impliess, — IG[N,p,a],.
The result of the lemma also hold when summability is replaced by boundedness.

Proof of lemma:Suppose s,, = IG[N, p, a],. Thus we have,

z (e * Aa), [ITE(s) — al* = 0(1) (14.2)

(e* a)n

Using Holder's inequility, we have
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Z (€ * Ba), 1T (5) = al?

(€ * a)n

A

= {(e *a), Z | (e Aa)v”Tea(S) - all}

1 n [a—p[)/A
X{(e*@n; |(e*Aa>n|} = 0(1)

by (1.4.1) and (1.4.2). Hence s,, - [ [N, p, a], as desired.

1.5 PROOF OF THEOREMS:
Proof of Theorem 1:

(Ar + )T, (€) = (Ar x yc),
= (de * as * pt),

= {(de x as)"(e * t},

= {(de x )T (s)"(e * B)NEF (t)}n

Since {N%F(¢)} is bounded, it follows that, for some constant K.

|(Ar « ), T, Y (©)| < K{(de * )|T<%(s)| * (€ * B)}n

Hence, using Hoélder's inequility, we obtain:
|(ar « Ty @ < KA (e * @) € x 1,171 %
x {(de x )T (s)* (e * )},

= K [(Ar * ), 1" {le x )T ()" = (e * B)}
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Since(4e * a),, > 0and(e * B),, > Oimply that

(4r *y), > 0, thus,

D @@ < KA1+ QeI @) (e £ ),
v=0

_ KAVZO (€ * ﬁ)n_,]; (e * a), [T (5)|" (15.1)

We are given that the inner sum on the right of (1.5.1) is 0((e * a),,); hence, by the regularity of

(N, € x B, € * a), the expression on right of (1.5.1) is 0((r * ¥),,). Hence the result.

Proof of Theorem 2:
We write s, =1+ (s,- — ). The contribution of the second term may be delete with by

Theorem 1, so it is enough to consider the case in which s,, is a constant, which may be taken as
1. In other words, we have to prove that if t, - mG(N,q,8) thend, - m G(N,r,y), where
d, is defined by (1.1.10). Write t, = m + (t,, — m) we may again consider the case in which

m = 0.

(Ar xy),T," (d) = (Ar *yd),
= (Ar * a * ft),
= (A€ ax*(exB)NF (t))n

Using Holder's inequility, we find that:

(Ar « VT (@] < {de x a v e % B, 1 x
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<{(Uesan=@pnt©l’) }

= (@r ey (e @y = e pIvr ') )

Since,

(Ae * a),> 0, (e * B),, > 0 implies that (Ar = y), > 0 therefore,

Z (Ar *y), - |T;'V(d)|2 < (1 * (A€ * a) * (€ * B)|N(i’f
v=0

A)
n

~(erar@arpvr@l),

i (e+B)
v=0

= 0((r *y)y)

e.fp A
NP ()] e+ @)y

A
Since Nf'B (t)| — 0asn - ooand (N, e * a, e * ) isregular.

The proof is thus complete.

Remark:

We remark that the hypothesis of Theorem 3 and 4 imply that (Ar =y), > 0 for all n and
(rxy), 2 a n—-oo , it follows that (for any A >0 ) G(N,Ar,y ) summability
impliesG[N, r, y], summability, so that the conclusion of these theorems are stronger than the
G|N,r,y|; summablity of {c,}

Proof of theorem 3:
By the lemma, it is sufficient to prove the theorem for the case 4 = 1 keeping (1.3) in view, we

find that
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(Ar xyc),
(Ar *y),

_ @ AGn _
(r * Ay),

NATY(c) =

T, " (o)

Thus we have to prove that T, ¥ (c) — 0 as n — . Since the hypotheses imply that (r = Ay),, >

0, therefore,

(r=Ay)n T, (©) = {I(1 * € x € * A(as) * A(BD)),, 1}

where,

1 N, &f
9”_(6*[?)0; (E A,B)v Tv (t)|

Since {t,,} is bounded G[N, q, B], implies that

6, = 0(1),thus we obtain

RIGIE (e * AT ()] * (e + ), }

_(Ar Vn {
- s {Z (€ * 4@, TS () (€ * B

Since (e * AB),, > 0, itis follows that {(e * 8),,} is increasing. Also by hypothesis

D (e Aa),IT(5)] = 0((e * @)y)
v=0

Hence,

T S G2 *ﬁ)"z (e Aa), T )
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NGOG
-o(=at

) = 0(1)

by (1.2.1). The proof is thus complete.

Proof of Theorem 4:
By the Lemma, it is sufficient to prove the theorem for the case 1 = 1.

As in the proof of Theorem 2 we write s, =1 + (s,, — [), the contribution of the second term
may be delete with by Theorem 3, so it is enough to consider the case in which s,, is a constant,
which may be taken as 1 . In other words, we have to prove that, if t, - mG[N,q, ], then
d, —» mG[N, Ar,y] where d,, is defined by (1.1.10). Writing t, = m + (t, — m) we may again
consider the case in which m = 0. So we have to prove that T, (d) » 0 asn — oo

Now

(Ar =)o |T 7 (@] < (e a = (e xAB)|TF (B)]),

n

=) (er (e AR @)
v=0
since (ex Aa),, > 0, it follows that {(€* a),,} is increasing
Thus
r (€*a). N ep
177 @) SWZO (e 88), |17 )|
o (Exa)u(ex B\ _
B 0( (Ar = y); ) =0

Since t, = OG[N, q, 8], and condition (1.2.1) holds. Hence proof is complete
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Proof of Theorem 5:
Now

(& M| @) = I * Alas)  BO), 2
< {((e * A@)T% ()] * BIt]), }
< K{((€* AT ()] * ), }*
Since {t,} is bounded using Holder's inequality, we find that,

{(e* 2T @) < KiCex 8} {((ex By x [T ()17 + ) }

Hence,

@ y)nz ol ol < Zﬁv Z (e » 4a), 1T (5)1* = 0()

Since, by hypotheses

n

D e+ BT ()1 = 0((e * @), )

n=0
and (N, B, € * ) is regular
Thus the proof is complete.
Proof of Theorem 6:
Writing s, = [ + (s, — [). The contribution of the second term may be dealt with by Theorem 5
, S0 that it is enough to consider the case in which s,, is a constant, which may be taken as 1 . In
other words, we have to prove that, if t, - masn — oo, thend, - mG|N, p, y];, where d,, is

defined by (1.1.10). Writing t,, = m + (t, —m), we may again consider the case in which
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((ex By) I T (D)) = (€ % A % BO), 11
< {(€* BIt] * Aa),

By Hdlder's inequality, we obtain,

((ex ML |TE" (D} < {(e% Aa * B), 11 x {(€x Aa * BIt), }

Hence

(e ), |75 ()|
(e*xyn UZO

n n—1
<> RILIE|Y (exaa
= Terpn L PB 2 z
v=0 u=0

- 2 (e * @ubilt,l

=0(1)
Since |t,|* >0 asn — ooand (N, e * a, ) is regular.

This complete the proof.
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